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                \begin{document}$$J$$\end{document}$. Then it is natural to consider KEO approximations that separate rotational and vibrational motions within these blocks in some form. Ideally, such approximations would apply to molecules with complicated internal motion^[@CR21]--[@CR29]^, as well as to semirigid ones. Hereby we explore in a joint analytical and numerical treatment---for the first time to our knowledge---the impact on accuracy and numerical efficiency that results when $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{T}}_{{\rm{V}}{\rm{R}}}$$\end{document}$ is neglected, employing different vibrational coordinates and different embeddings of the molecule-fixed axes. Such a study has been called the "logical next step" needed to confirm or refute theoretical hypotheses put forth in previous work^[@CR30]^. Additionally, we examine what happens when parts of $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{T}}_{{\rm{V}}{\rm{R}}}$$\end{document}$ from Eq. ([1](#Equ1){ref-type=""}) will "decouple" the rotational-vibrational problem, thereby leading, *e.g*., to a significant reduction in computational effort. As it turns out (see below), further approximations must be applied to realize such savings. Finally, we introduce a natural hierarchy of approximations, culminating in a generalized version of the centrifugal sudden (CS) method^[@CR31]--[@CR39]^, for which our analysis provides a nice theoretical framework.

In this paper special attention is given to the choice of embedding in first-principles variational rovibrational computations^[@CR40]^. If the full $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{T}}_{{\rm{V}}{\rm{R}}}$$\end{document}$ itself depends on the embedding (although not on the vibrational coordinates, as is clear from abstract operator notation). Some embeddings are therefore better than others, in terms of having smaller deviations between the exact and the approximate computed energies. Note that it is impossible to define a frame in which the Coriolis coupling vanishes over the whole configuration space^[@CR40]^. We therefore explore the role of embedding on the magnitude of the energy contributions related to the Coriolis term at every rung of the approximation hierarchy. We restrict consideration to triatomic AB$\documentclass[12pt]{minimal}
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                \begin{document}$${}^{16}$$\end{document}$O as our canonical test case. Furthermore, a subset of just three, "linear" embeddings is considered here, as these have been found to perform best in our numerical tests^[@CR41]^.

The present study builds on previous theoretical work on rotational and vibrational coordinate separation^[@CR40],[@CR42]--[@CR44]^ and coupling^[@CR2],[@CR30],[@CR45],[@CR46]^. In particular, Sutcliffe and Tennyson derived general rovibrational Hamiltonians in terms of axis embeddings for triatomic molecules^[@CR47],[@CR48]^. Mardis and Sibert^[@CR49]^ derived a Casimir-bond operator, whereby the CC term is zero at equilibrium. Wei and Carrington^[@CR50]^ investigated Eckart embeddings^[@CR51],[@CR52]^---and their bond and bisector counterparts---for triatomics using Radau, valence, and Jacobi vibrational coordinates. The same authors derived triatomic Eckart-embedded Hamiltonian operators for valence^[@CR30]^ and Radau^[@CR53]^ coordinates. Wei and Carrington^[@CR30]^ investigated the properties of both operators, and compared the Coriolis coupling in the different operators focusing on the $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{T}}_{{\rm{V}}{\rm{R}}}$$\end{document}$ is neglected^[@CR53]^, a basic assumption, which has never since been questioned. Furthermore, they also claim^[@CR30]^ that although they made the first step at discussing the different operators' relative advantages, to really compare their efficacy it is necessary to calculate ro-vibrational energy levels^[@CR30]^, a task performed during this study. In 1974, McGuire and Kouri developed the "$\documentclass[12pt]{minimal}
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                \begin{document}$${j}_{z}$$\end{document}$ conserving" centrifugal sudden approximation in a Jacobi coordinate framework, for three-atom (atom+diatom) quantum scattering calculations^[@CR32]^; in the same year, Pack published his paper on related "sudden approximation" methods^[@CR31]^, specifically comparing space-fixed and body-fixed formulations. The present study generalizes the centrifugal sudden approximation.
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All linear embeddings behave the same with respect to symmetric vibrational displacements. We thus take $\documentclass[12pt]{minimal}
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In many respects, RBE lies "halfway" between EE and VBE. In particular, Eq. ([3](#Equ3){ref-type=""}) becomes equal to Eq. ([4](#Equ4){ref-type=""}) in the $\documentclass[12pt]{minimal}
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Note that in order to qualitatively compare the three linear embeddings chosen, it is advantageous to choose the same set of vibrational coordinates ($\documentclass[12pt]{minimal}
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Classical and quantum Hamiltonians & approximations {#Sec3}
===================================================
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Results and Discussion {#Sec4}
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The Coriolis-free approximation (CFA) {#Sec5}
-------------------------------------

The Coriolis-free approximation does *not* lead to new symmetries; thus, it provides no significant numerical advantages over exact calculations, although it may be useful for state labeling. On the other hand, being the least severe approximation, CFA is expected to be the most accurate.
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This joint analytical and numerical study offers several interesting and occasionally surprising conclusions about various rotational-vibrational approximations, and associated linear embeddings, employing H$\documentclass[12pt]{minimal}
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The Eckart^[@CR51]^ embedding is *not* the best choice of embedding, especially when rotational and/or vibrational excitations are significant.There exist embeddings (*e.g*., the Radau bisector embedding) for which Coriolis coupling vanishes over an entire two-dimensional vibrational coordinate subspace (*i.e*., the symmetric vibrational coordinates).The diagonal $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{G}}}_{{\rm{R}}}$$\end{document}$ approximation should be used instead of the Coriolis-free approximation, because the computed energy levels are almost exactly as good but the benefits in terms of symmetry and numerical efficiency are substantial.The diagonal $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{G}}}_{{\rm{R}}}$$\end{document}$ approximation leads to two distinct and almost-perfectly-good parity quantum numbers, one for rotations and one for vibrations.

Note that conclusions (3) and (4) occur only by virtue of permutation symmetry, but should manifest for larger molecules with at least two identical nuclei. As for (2), it is well known that the Eckart embedding achieves zero Coriolis coupling at any given geometry^[@CR51]^, and that this can be extended over a one-dimensional subspace using "post-Eckart" embeddings, such as the one due to Sayvetz^[@CR64]^. That two-dimensional subspaces of this kind are also possible, for systems and embeddings where Coriolis coupling as a whole does not vanish, is a novel discovery, so far as we are aware. Even more surprisingly, the Radau bisector embedding that achieves this is *not* Eckart-based.

The full ramifications of these findings certainly merit further investigation, especially vis-à-vis larger and more general molecular systems. In an upcoming paper^[@CR41]^ we will address other linear and nonlinear embeddings such as those based on Jacobi coordinates, other types of triatomics such as triangular A$\documentclass[12pt]{minimal}
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                \begin{document}$${}_{3}$$\end{document}$ molecules, and also larger molecules. The latter class includes "floppy" systems such as ammonia with an inversion tunneling motion.
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